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Abstract
We prove a result on the preservation of the pathwise uniqueness property for the adapted solution
to backward stochastic differential equation under perturbations.
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)+ y(s,ω)]dW(s,ω) = z(ω) (1)
















)+ G(x(s,ω))+ y(s,ω)]dW(s,ω) = z(ω). (2)
Here {W(t): t ∈ [0,1]} is a one-dimensional Brownian motion defined on some complete
probability space (Ω,F ,P ) with the natural filtration {Ft : t ∈ [0,1]} and z(ω) is a given
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Gh. Constantin / J. Math. Anal. Appl. 300 (2004) 12–16 13F1-measurable random variable with E(|z|2) < ∞. The functions f,F,g,G : R → R are
continuous. If P is the σ -algebra of Ft -progressively measurable subsets of [0,1]×Ω and
M2 is the family of real-valued processes which are P-measurable and square integrable
with respect λ × P , λ being the Lebesgue measure, a solution of (1) is a pair of stochastic
processes {x(t,ω), y(t,ω): t ∈ [0,1]} ∈ M2 × M2 which satisfies (1).
Problems of type (1) appear in the field of stochastic control as a reachability problem:
y(t,ω) is regarded as a control driving the state x(t,ω) of the system to the given target
z(ω) at time t = 1.
The existence and uniqueness of the solution to (1) was initiated by Pardoux and
Peng [7], further investigations being [3,4,6]. The problem of the preservation of the
uniqueness under small perturbations appears naturally and the interpretation of (1) as
a reachability problem provides a setting where this type of consideration appears to be of
interest.
We say that (2) has the pathwise uniqueness property if whenever x and y are any two





∣∣x(t) − y(t)∣∣> 0)= 0.
Pathwise uniqueness implies that solutions are unique in the law sense (have the same
distributions) but the converse does not hold, [5].
The existence of a unique solution to (1) is ensured by the following proposition.
Proposition [4]. Assume that there is a nondecreasing continuous function h : R+ → R+








such that∣∣f (x)− f (y)∣∣+ ∣∣g(x) − g(y)∣∣ h(|x − y|), x, y ∈ R. (4)
Then (1) has a unique solution.
The above result is quite convenient as it generalizes the uniform Lipschitz condition
given in [7] (this corresponds to the choice h(u) = cu with c > 0) and, with respect to the
result in [6], it eliminates the requirement that h should be concave on R+.







Note that besides bounded positive functions, there are functions w ∈ G with
lims→∞ w(s) = ∞; for example, w(s) =
√
s + 1 and w(s) = √(s + 2) ln(s + 2) with
s ∈ R+.
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ensured. If∣∣F(x) − F(y)∣∣+ ∣∣G(x) − G(y)∣∣H (|x − y|), x, y ∈ R, (6)







, r ∈ (0, δ), (7)
for some w ∈ G and some δ ∈ (0,1), then the solution of (2) is unique.
Proof. We will show that the hypothesis (6) ensures that we can apply the proposition
to (2).















h2(u)[w2(Γ (u))+ 1] , r ∈ (0, δ). (8)
But, from (4) and (6),∣∣[f (x) + F(x)]− [f (y)+ F(y)]∣∣+ ∣∣[g(x) + G(x)]− [g(y) + G(y)]∣∣

∣∣f (x)− f (y)∣∣+ ∣∣g(x) − g(y)∣∣+ ∣∣F(x) − F(y)∣∣+ ∣∣G(x) − G(y)∣∣
 h
(|x − y|)+ H (|x − y|)= α(|x − y|), x, y ∈ R,
with α = h +H . Since
α2(u) 2h2(u) + 2H 2(u), u > 0,
















h2(u)[w2(Γ (u)) + 1] , 0 <  < δ.






h2(u)[w2(Γ (u)) + 1] = ∞. (9)




h2(u)[w2(Γ (u)) + 1] =
Γ ()∫
dt
w2(t) + 1 .
Γ (δ)





w2(s) + 1 = ∞
for w ∈ G. This shows that (9) holds and the proof is complete. 
Remark. The theorem can be used to construct functions h with the property (3): starting
with such a function, relation (7) leads to the construction of further examples.
To exemplify, note that h1(u) = u satisfies (3) and that w(u) = √u satisfies (5). With
these choices, (7) becomes
H(r) r
√| ln r|, r ∈ (0, δ).
A simple differentiation confirms that the function r −→ r√| ln r| is increasing on
(0,1/
√




√| ln r|, r ∈ (0,1/√e),
r/
√
2, r  1/√e,







We may continue the procedure. The above considerations show clearly why we need to
impose (7) only in a neighborhood of zero: the right-hand side of (7) is not necessarily
nondecreasing on (0,∞).
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